Recall that Ss is the set of all permutations of {1, 2, 3}.

Example: With o, 7 € S5 as shown below, their composition c o7 is ...

T = &
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1 2 3 5 1 2
3 1 2 2 3
e Here, € is the identity element.

e Hence, 0 o7 = ¢, and we also have To o = ¢.

e Thus, o and 7 are inverses of each other (i.e., 7= 07! and 0 = 771).

Discuss in your group: What does it mean that S5 is a group under composition?

What group properties are satisfied? @



Definition: The set S3 is a group under o (composition) because. ..
1. S3 is closed under o, i.e., if o, 7 € S5, then c o7 € S3.
2. The operation o is associative, i.e., (coT)ou=0co (7opu) forall o, 7, u € Ss.

3. S3 contains an identity element € such that eoa =a and aoe =« for all a € S3.
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4. Each element o € S5 has an inverse 0 ' € S5 such that coo™!' =¢ and 07 to0o =c.

Convention for notation:

e With most groups, we’ll employ the multiplicative notation.

Example. In S3, we can write o7 instead of o o 7.

e But when we know that the operation is addition (e.g., the group Z),
we’ll use the additive notation (e.g., 5+2=17).



Additive groups

Examples of groups under addition: Z, Zig, Zr.

In Z19: 3+ 7 =0 — the additive inverse of 3 is 7

— =3 =1
0-3

Remark: When the operation is addition, the (additive)

inverse of z is denoted by —x, rather than by = ',

Problem #2: Are 7Z, 719, and Z~ also groups under multiplication?

Answer: No, since 0 does not have a multiplicative inverse.
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Problem #4: In any group, we have (ab)~ a

1. Algebraic explanation:

We have (ab)(b='a ') =a(bb~1)a™! =aca™! = Also (b7'a"1)(ad) =¢.

Thus, the inverse of ab is b=1a™!, i.e., (ab)~! =b"1a 1.

2. Socks-shoes explanation:

How do you undo

Let a = putti ks.
©L @ = DULLIE On BOCES the product ab?

b = putting on shoes.

Remark: In a commutative group, (ab) ' =b"ta ™t =a b .
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Problem #5(a): What does ¢~ ° mean?

Elizabeth: o7° is the same as (071)°.

5) -1

Anita: 07° equals (0°)

We hayve. ..

(6°)™' = (6oooo)™!

® 0'520'0'0'0'0'.

e 0! = inverse of .

e 0 ° =177

socks-shoes!




