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Abstract Algebra
Day 9 Class Work Solutions

1. Consider the groups: {1, —1} under multiplication, and Zs = {0, 1} under addition. + For the first group, treat
1 and —1 as real numbers.

(a) Construct the group table for each group.

Solution.
Table for {1, —1}: Table for Zs:
« | 1] -1 +]o0]1
1 1] -1 01]0]|1
-1 -1 1 1110

(b) Anita says the two tables in part (a) are essentially the same. What might she mean?
Solution. They both look like the table in part (¢) below.

(¢) Let G = {e, g} be a two-element group. Complete its group table: + Use the multiplicative
notation for a general group.

Solution.

:

™
™
oM [

(d) Explain why all groups with two elements are essentially the same.

Solution. Every group with two elements will have the identity € and the non-identity
element g. Their tables must look like the one in part (¢). Since ¢ is the identity, we
have ee = ¢, eg = g, and ge = g. For the remaining entry gg, we note that either
gg = € or gg = g since the group is closed. Suppose for contradiction that gg = g.
Then we have gg = g = ge, and thus we obtain g = ¢ by left cancellation. This is a
contradiction, so we must have gg = €.

2. Consider the groups:
o Zs = {0, 1, 2} under addition

e {&, 120, 240} under the operation o in Dj.
. . 1 2 3 1 2 3
e {¢, 0, 7} under the operation o in S3, where o = ( 9 3 1 ) and T = < 3 1 9 )

(a) Construct the group table for each group. Verify that they’re essentially the same.
Solution. All three tables look like the table in part (b).

Table for Zs: Table for {e, ri20, r240}: Table for {e, o, 7}:
+]oj1]2 o || & [rizo | oo ofela|r
00|12 € € 120 | T240 ellel|lo| T
1120 r120 || 7120 | 7240 € ojlo]T|¢E
2 2 0 1 7240 7240 € 7120 T T e g
(b) Let G = {e, a, b} be a three-element group. Complete its group table: + We have ab = ¢. Why?
Solution.
elalb
ellelalbd
allalbl|e
bl blela
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(¢) Explain why all groups with three elements are essentially the same.

Solution. Let G = {¢, a, b} be a three element group, with identity ¢ and two non-
identity elements a and b. We will build its table in phases. In the first phase, we can
fill in the first row and column of the table, since ex = x and ze = x for all z € G.
In the second phase, we note that ab = €. Here, we use a property of the group that
we’ve seen before, namely: in each row or column of the table, each element of G
shows up exactly once. Then, ab cannot equal a, since a already showed up in the
second row; and ab cannot equal b, since b already showed up in the third column.
Thus, ab must equal . We use the same property to complete the table.

Phase 1: Phase 2: Complete table:
elalbd elalbd elalb
el e ellelalbd ellelalhbd
a | a all a allal|bdbl|e
bl b b b bl blel|a
3. Let’s look at these four-element groups:
e Z4={0, 1, 2, 3} under addition
e {1, 4, —1, —i} under multiplication. <+ i is the complex number
i =+/—1, where i = —1.
e Us ={1, 3, 5, 7} under multiplication
(a) Construct the group table for each group.
Solution.
Table for Zy4: Table for {1, 4, —1, —i}: Table for Us:
+]o]1]2]3 1| i |1 = « | 1]3]5]7
Of0|11]2]3 1 ) -1 | —1 1113|517
1 11230 ) ) -1 — 1 3113175
2101213011 -1 -1 —2 1 ) 5565|7113
31310112 —i || —1 1 1 —1 TINT15]3]|1
(b) One of these groups is not like the others. Which one? How do you know? + ... says Big Bird.

Solution. Both Z, and {1, i, —1, —i} have two self inverses; and their tables look
the same. Meanwhile, every element of Ug is a self inverse and its table looks different
from the other two groups.
4. (a) Come with another group with four elements. Specify the set and the operation.
(b) Does your group in part (a) resemble Z4 or Ug? How do you know?
(¢) Find another four-element group that’s not like the one you found in part (a).

5. (Some Food for Thought) Explain why all groups with four elements must resemble
either of the two types that you saw in Problem #3.

6. (More Food for Thought) What about groups with 5 elements? 6 elements? 7 elements?

7. Prove: Let G be a group. In each row or column of its group table, every element of G« i.e., Sudoku property.
shows up exactly once.

Solution. See Section 9.4 in the textbook for the proof.



