Let g be a group element with ord(g) = 6. Consider the cyclic group
(9) ={g" | ke Z} /€

— {- * oy 9—47 9_37 g_27 9_17 go) 917 927 937 947 LA -}

Discuss in your group:

(a) Find the smallest positive integer k such that ¢*° = g*. (k = 3)

(b) Same as above, but with: g=2 = ¢g*. (k =4)
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(c) Find the distinct elements of (g). {¢°, ¢, g%, ¢°, ¢*, g°}



With ord(g) = 6, consider the cyclic group {(g) = {g* | k € Z}.
For the groups Zg and (g), we’ve seen that:

1. The elements in Zg and (g) “match up.”
&

Vs
Ze =1{0,1,2,@ 4,5} and (g) ={¢° ¢', °,@ 9°, 9°}.

2. The operations of Zg and (g) also “match up.”

InZg: 34+5=2 In (g9): ¢°-¢° = ¢°

Conclusion: The groups Zg and (g) are isomorphic.

(In other words, they’re essentially the same group.)



Consider the function 6 : Zg — (g) where 6(a) = g* for all a € Zs.

- &3
Note: We still have ord(g) = 6. 0G) =3
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1. 0 is a bijection (i.e., one-to-one and onto).
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3 $e 42 these elements “match up.”
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Z67 + — <g>7 x
\ /'_
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3+5 ~> o B{3+5) = 6R)* 6(5)
Y { / \ S 6(3)
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Given 3, b € Zg, we can. ..
e Add them first in Zg, then apply 6 to the sum: (3 + 5) or
e Apply 6 to each, then multiply in {g): 6(3) x 8(5) or ¢° g’

Since ¢31° = g3 x g%, we have: 5) = 6(3) % 0(5)



Definition. Let G and H be groups w/ operations g and *g.

A function 0 : G — H is an isomorphism if. ..

1. 0 is a bijection (i.e., one-to-one and onto), and

> H, xp

9}\ O(a xc b) = 0(a) xg 6(b)

And we say that (G is isomorphic to H and write G = H.

2. 0 is operation preserving, i.e.,

O(a xg b) = 0(a) xg 0(b)

—

for all a, b € G.

Key: G 2 H means they’re essentially the same group.



Theorem. Let 6 : G — H be a group isomorphism.

If H is commutative, then G is commutative.

H (commutative)

G

Picture:

Goal: a-b=0b-a



Theorem. Let 6 : G — H be a group isomorphism.

If H is commutative, then G is commutative.

Proof: Assume H is commutative. We must show that G is commutative.
Llet & , b € G‘l .

We lave 9(& *a b)) = Bl *p 6(L) , e § % Opglen cgqrm\na) |

Nl

Seladty, EEFTE = o)~ 6la)

Swee H s CommilaTie,  Ola) # B(LY = B0\ *v Bla) .
T\!\L&K—QF&/ 9@\*@, B - 900*61 0\\ .

—W\As) S\Nee & is Om-To—ol\&, O* b = L ¥ .




