Recall: R is the set of real numbers, a group under + but not x*.
Discuss in your group:

(a) Let R* = {a € R | a has a multiplicative inverse}.

Describe the elements in R*.

Note: R* is a group under multiplication.

(b) Let H be the smallest subgroup of R* that contains 3.

Describe the elements in H.

H={ 3 )



nonzero real numbers.
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(b) Let H be the smallest subgroup of R* that contains 3.

Describe the elements in H.

H=1..
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={...,374 373,372,371 3% 3! 32 33 3% .}

= {3% | k € Z} « need positive and negative powers of 3

= (3) < new notation



Cyclic subgroup (g)

Notation. Fix an element g of a multiplicative group G.

Define (g) to be the set of all integer powers of g, i.e.,

(9) ={g" | keZ} .

={...,97%9 %9 %94 ¢, 9 &gt )

Example. Fix an element 3 in R*. Then...

(3)={3" | ke Z} ,
={...,37%,37%,372, 371, 3% 3! 32 3% 3% ..}

* Theorem. (g) is a subgroup of G. (Proved last time.)



Definition of “cyclic” group

OLD Definition. A group G is cyclic if it has a generator.

Example: Us = {1, 2, 3, 4} is cyclic, since 3 is a generator, i.e.,

31=3,32=43=2 3"=1.

NEW Definition. 3 e s Us = &
A group G is cyclic if there exists g € G such that G = (g).

Note: Here, g is a generator of G.

Example: Us is cyclic, because Us = (3).



e Zip={1, 1+1, 1+1+1, ..., 1+1+---+1}

'
12 terms We also have

={k-1|keZ}

= (1) < the set of all possible sums of 1 Zyz = (5) = (7) = (11).

e Z=(1)={k-1|ke€Z} < need positive and negative sums of 1.

But also Z = (—1) ={k - (—1) | k € Z}.

§
e U3 is cyclic with generator 2, i.e., Sed, 2> € Us
k € Zig < 2F € Uys | gives

Uiz = (2) with 212 =29 =1,
0 /1 2 03 o4 BB o6 o7 o8 99 ol0 oll Uz = (2°) = (27) = (27)
:{212)2)232)2,272,2,2,2,2}

= (6) = (11) = (7).
={1,2,4,8,3/6)12,11,9,5,10, 7} 6) = (1) = (T)
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Subgroups of Zis and U;3: k€ 7y & 28 € Uys | gives

Z12 = (1) Uiz = (2')

{0, 2, 4, 6, 8, 10} = (2) {29, 22, 2% 20 28 2191 — (22} = {1, 4, 3, 12,9, 10}

{0, 3, 6, 9} = (3) {29, 23, 2% 291 = (2%) = {1, 8, 12, 5}
{0, 4, 8} = (4) {2°, 2% 2%} = (2%) = {1, 3, 9}
{0, 6} = (6) {2°, 2°} = (2°) = {1, 12}
{0} = (0) {2°} = (2°) = {1}

Theorem: Let GG be a cyclic group, and H a subgroup of G.
Then H is also cyclic.



Subgroup of R*.
Elizabeth:

The multiplicative group (3) behaves just like the additive group Z.

In (3): In Z:

& JL . 3eb — Ghiren — 3ok o 17+ 25 = 42.

e The mult. identity is 3°. e The additive identity is 0.

e The mult. inverse of 3'7 is 3~ 17. e The additive inverse of 17 is —17.



