Recall: 1 is a generator of the additive group Z,

because its sums give all elements in the group.

l=1
1+1=2 Definition:
1+14+1=3

We say that Z5 is cyclic,

because it has a generator.

14141+ +1=0 «— ord(l)=12.

12 terms

Discuss in your group:
(a) Is 2 a generator of Z12?7 Why or why not? No |
(b) Find all the generators of Z;5. Amns: 1,5, 7, 11.
(c) Find all the generators of Zi5. Do the same for Zgg.

See Chapter 13.
(d) What conjecture do you have? Can you prove it? @



Consider the multiplicative group

Uws ={1, 2, 3,4, 5,6, 7,8, 9, 10, 11, 12}.

21 =2 24 = 27T =11 210 =10
22 =4 L5 L 28 =9 ol — 7
)5
23 —8 * >26_12)- 29 — 5 212 = 1| «— ord(2) = 12.

Conclusion: U;j is cyclic, with generator 2.

U13:{,72-711':873:(7:l2'7\\7q75—7|07(I}
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Let g be a group element ord(g) = 12. Thus, g'* =

Key: We can always reduce the exponent modulo 12.



Let g be a group element with ord(g) = 12.

Notation: Let (g) be the set of all integer powers of g, i.e.,

(0) = (" | ke 2) _
=4.ua; g% 93 972 gt ¢ g, &2 ¢°, g% ...} (Infinite set?)
e (9) ={e, g% g% ¢% ..., g''}, where e = ¢° = ¢g'2.

e The 12 elements in (g) are distinct.

Reason: If g® = ¢g°, then ¢g° = €, which contradicts ord(g) = 12.

e (g) behaves just like Z15 (e.g., g7 - g" = g” 7" = g*).



Theorem: Let g be an element of a group G. Define (¢) = {¢" | k € Z}.

Then (g) is a subgroup of G.

Proof: |t o € 49>, TThag,
L= 3 and g < ;P wWhee ¥,ic Z.
Then o= gg = 970 € &Yy
Rence dy> s c\oSe b .
We have = ¥ e 4qv.
LoasTly | e have Lz (Y = " € 49> .
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